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A neoclassical model for calculating poloidal rotation and poloidal density asymmetries in a 
tokamak plasma with u. - uth and E/Be- 0( 1) is developed. Application is made to 
the analysis of a deuterium plasma with a dominant carbon impurity. The dependences of the 
results on collisionality, the anomalous radial deuterium flux and the toroidal rotation 
speed are evaluated. The implications of the calculated poloidal velocities and density 
asymmetries for the magnitude of the gyroviscous torque are discussed. 
I. INTRODUCTION 
Poloidal rotation and poloidal density asymmetries are 
topics of intrinsic interest in tokamak research which have 
received increased attention recently because of their ap- 
parent linkage to confinement properties. These two quan- 
tities are coupled via particle and momentum conservation 
requirements, which makes it natural to consider them to- 
gether. 
The neoclassical theory’*’ of poloidal rotation was de- 




jj=om, &=O(S2), ;=om, 
where p is the gyroradius, L is a characteristic gradient 
scale length, E and B are the electric and magnetic fields, 
respectively, and v and 0th are the average and thermal 
velocities, respectively. The resulting expression for the po- 
loidal rotation velocity ue depends upon the collisionality 
parameter V* = V/W, where v is the collision frequency and 
w=uth/L is the thermal transient frequency. In the large 
aspect ratio case,’ with l sr/R, 
k dT 




1.17 for ,-3’2>V;1, 
k= -0.5 for l(V,-‘(EC3’2, (2) 
-2.1 for v*‘41. 
Subsequent authors3” have used the Hirshman- 
Sigmar moment approach7 to obtain 
ve= KBe/n (3) 
where K is a quantity constant on a flux surface which is 
evaluated from momentum balance, and n is the particle 
density. These authors have all noted that the poloidal 
velocity is different for the impurity and main ion species. 
We note that in many present tokamaks with unbal- 
anced neutral beam injection (NBI), the average toroidal 
rotation velocity is such that U/Q- O( 1) and that this 
condition implies* E/B-0( 1). Thus, the standard neo- 
classical expression, Eqs. ( 1) and (2)) may not pertain to 
tokamak plasmas with unbalanced NBI. References34 did 
not invoke the standard neoclassical ordering arguments. 
Recently, the observationP-” of changes in poloidal ro- 
tation accompanying the L to H transition has stimulated 
several new neoclassical investigations of poloidal rotation 
driven by a balance between ion-orbit-loss-induced torque 
and magnetic pumping in the edge region,12 by an anom- 
alous thermal conductivity that decreases with E, shear,13 
and by the poloidal asymmetry of an anomalously large 
radial particle flux acting on the inertial term.14 
In addition to edge-localized modes (ELM’s), large 
poloidal asymmetries in impurity ion densities have been 
observed in ELM-free discharges in a number of 
tokamaks.“-l9 Neoclassical formulations have been devel- 
oped for poloidal impurity density asymmetries driven by 
friction,20-21 poloidal electric fields,20*22 inertia,23 NBI mo- 
mentum input,3’4 and asymmetric impurity sources.24 Rea- 
sonable agreement’7’25 between theory and experiment was 
obtained in two collisional tokamak plasmas in which fric- 
tion was the dominant driving force. 
In this paper, we are interested in tokamak plasmas 
with strong, unbalanced NBI. Two notable characteristics 
have been observed in such plasmas: ( 1) u,+/uth-O( 1) for 
ions, implying E/B,-0( 1); and (2) anomalously large 
radial particle fluxes, which exert a torque to drive poloidal 
rotation. Our approach will be to take the experimentally 
observed values of toroidal rotation and radial particle flux 
as given, then to work out the implications, via particle and 
momentum balance, for the poloidal rotation and poloidal 
density asymmetries. Since previous work suggests that the 
results will depend on collision regime, we will take the 
collisionality v* as a third parameter in our study. We will 
use the Hirshman-Sigmar moment approach,7 in which 
kinetic theory effects are included in a fluid formalism via 
the definition of friction and viscosity coefficients. The cal- 
culational model for poloidal rotation and poloidal density 
asymmetries is an extension of the model of Ref. 6 to ar- 
bitrary collisionality. 
Gyroviscous momentum transport is intrinsically re- 
lated to poloidal density asymmetries and poloidal rota- 
tion, which determine the poloidal asymmetry factor 8, 
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which in turn sets the magnitude of the gyroviscous torque. 
Momentum confinement properties calculated with the gy- 
roviscous theory and the assumption e-0( 1) have agreed 
well in magnitude and, with a few exceptions, in parameter 
dependence with experiment in a number of 
tokamaks.6’2”29 In the one case6 in which ‘3i was calculated, 
the agreement with experiment was to within a factor of 2, 
although the separation-of-variables approximation used in 
the model was not supported by the poloidal density asym- 
metry calculation. 
The paper is organized as follows. A neoclassical 
model for the calculation of poloidal rotation and poloidal 
density asymmetries is derived in Sec. II. The poloidal 
asymmetry factor of the gyroviscous theory is defined in 
terms of the poloidal density, velocity, and potential asym- 
metries in Sec. III. The calculational models are employed 
to analyze a two-species, ion-impurity plasma in Sec. IV. 
The results are summarized in Sec. V. 
II. THEORY OF POLOIDAL ROTATION AND 
POLOIDAL DENSITY ASYMMETRIES 
A. Basic equations and ordering 
The poloidal rotation velocity and poloidal density 
asymmetries can be determined from the fluid particle and 
momentum balance equations with kinetic theory effects 
included via the viscosity and friction in the manner of 
Hirshman-Sigmar.7 (We use zero-heat-flux models for the 
friction and viscosity; use of finite-heat-flux models would 
require also the fluid energy and energy flux balance equa- 
tions.) In the steady-state, and in the absence of particle 
sources, these equations are 
(4) 
=Rj+Mj 9 (5) 
where ni, vi, rn,+ ei, pi, and rj are the density, velocity, mass, 
charge, pressure and viscosity tensor, respectively, for spe- 
cies j; Rj is the collisional friction; and Mj is the rate of 
momentum input to species j (e.g., from collisions with 
energetic beam ions or from a parallel electric field). Here, 
<t, is the electrostatic potential. 
We consider an ordering v+i/vthj - 0( 1 ), consistent 
with toroidal rotation near the ion sonic speed, 
E/Be-O(l), fi=Be/B< 1, and S,=rLe/r=mvth/eBer<l. 
In this ordering, Eq. (4) can be solved for the poloidal 
velocity (= speed) 
&lj(r#) = 
Kj(r)Bdr,B> 
nj(r,W ’ (6) 
where we use a large-aspect-ratio (n,&$) orthogonal tor- 
oidal coordinate system. The quantity Kj is a surface func- 
tion which must be evaluated, as subsequently discussed. 





p+O(~ejvthj). (7) Be(r,B) dr 
The O(Se,Uthj) term involves radial pressure gradients 
[which appear to leading order when the usual u+,i/~j 
- O(Sej) ordering is employed] and inertial terms. 
We introduce the thermal transit frequency 
Wj~ vth ~qR, (8) 
and the collisionality parameters 
VFk EE Vjk/Wj 9 (9) 
where q is the safety factor, R is the major radius, and 
Uthj is the thermal speed, and vjk is the COlliSiOn freqUenCy 
between species j and k. 
8. Constitutive relations 
We neglect heat flux effects relative to particle flow 
effects, in order not to unnecessarily complicate the for- 
malism. 
We use a simple Lorentz model for the friction: 
R= -npj C vjk(vj-vk), k#j 
valid when mj,mb 
For the viscosity, we use the Braginskii decomposition 
of the stress tensor into parallel ( I] ), perpendicular (I ) 
and gyroviscous (GV) components, in toroidal geometry. 
The poloidal projection of V*rr is dominated by the 11 com- 
ponent, and can be written6’30 
ge.v.TJj=77”’ t!!! E cos 0-2 sin2 e+e 
I I r r ( 
2 
1 a In nj 
+3 ae ) 
2 d 8 In ?Zj 
sine-7% ae 
2aln nj aln nj din 7)Oj 





and a rational approximation to the parallel viscosity co- 
efficient valid in all collisional regimes is given by7 




[We note that the viscosity coefficient given by Eq. (13) is 
based on the bounce frequency and transient frequency 
corresponding to the m = 1 mode. Since these frequencies 
differ for m# 1 modes, different viscosity coefficients would 
be necessary if this formalism were used for an analysis of 
m#l modes. In this paper, we restrict our attention to 
m = 1 modes.] 
3303 Phys. Fluids B, Vol. 4, No. 10, October 1992 W. M. Stacey, Jr. 3303 
Downloaded 01 Dec 2010 to 130.207.50.154. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions
C. Model for poloidal velocity and density 
asymmetries 
Equations for the poloidal velocity and the poloidal 
density asymmetries are developed by representing B( r,6) 
=B(r)/( 1 +E cos 0) and 
X(r,e)=x(r)[1+E~sine+exTcose], (14) 
where x=n, @, using the forms for the poloidal and tor- 
oidal velocities given by Eqs. (6) and (7), and taking the 
flux surface average of the poloidal projection of the mo- 
mentum balance equation, Eq. (5), with the weighting 
functions g= 1, sin 0, cos 8. The resulting equations are as 
follows. 
1. g=1 
5 2 1 1 1 









2. g=sin 8 
3. ~=COS e 
[ (~fj-$~j~)~ej]$+(l)nl 
= -fj$j-i 6j++p2 zj i$-( i&j- e C*,) 
-$ ksj $$il~~-D2Gj 9 
where 
h v4j h V4jGp 7 
v*j v .=- 
vth j ” r6St$%h j ’ 
h M 
Mej” - 





Equations ( 15 ) determine the mean psloidal velocities, 
vei, or the surface constants, Kj=ni iiei/Be The terms on 
the right-hand side (rhs) may be regarded as driving the 
poloidal velocity; the five driving terms arise from poloidal 
momentum input, radial particle flow, collisional friction, 
inertia and viscosity, respectively. The terms on the left- 
hand side (lhs) may be regarded as damping the poloidal 
velocity; the three damping terms arise from viscosity, col- 
lisional friction and inertia, respectively. 
Equations ( 16) and ( 17) determine the poloidal den- 
sity asymmetries n$ and 3. (We note that the terms con- 
taining fi2 are, in general, smaller than the other terms.) 
The terms on the rhs of these equations may be regarded as 
driving terms for density asymmetries; these driving terms 
arise from inertia [ ( $4j) 2], poloidal potential asymmetries 
(@), friction (i$), viscosity (fj), and radial particle 
f lOW (c;i)* 
Equations ( 15)-( 17) are essentially neoclassical. 
However, rather than use neoclassical theory to evaluate 
the cr. we take note of the anomalously large radial parti- 
cle flows that have been observed in experiments with 
strong NBI and incorporate them into our calculation via 
the $ Because there are no data on any poloidal variation 
of radial particle fluxes, we will take ~~j as uniform over a 
flux surface. 
Equations ( 15)-( 17) are coupled and nonlinear in the 
unknowns coei, $, and q. They must be solved numerically. 
D. Electrostatic potential and radial electric field 
The poloidal component of the electron momentum 
balance and charge neutrality can be used to obtain 
+=(-5)+(..$ ipj5$c, (19) 
which relates the poloidal potential asymmetries to the po- 
loidal density asymmetries. 
The flux surface average of Eq. (7) yields a relation- 




If we were carrying out a purely first-principles calcula- 
tion, the sum over species of the flux surface average of the 
toroidal component of the momentum balance equation 
could be solved for E,, or F&9 explicitly,3S4 and the solution 
would be completely determined. However, our purpose in 
this calculation is to take ~~j as known from experiment. 
Then, Eqs. (15)-( 17) and (20) completely determine vej, 
ni, q, and E,. 
We note that if the summed toroidal momentum bal- 
ance equations were solved for E,, the solution would have 
two roots,3 introducing the possibility of bifurcation of the 
solutions for E, and, via Eq. (20)) for Fe> Such a possibility 
is of interest relative to the sharp change in ve observed in 
conjunction with an L to H transition, but its investigation 
is beyond the scope of this paper. 
III. GYROVISCOUS TORQUE 
The total (summed over ion species) gyroviscous 
torque3’ can be written 
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ions 
F (R37$.V.,f), iz if&F 
i J 
m$z+Tion ions Z,g,Gj 
c- N 2eB? j iie 
when mjuZj mD and common F, and Tie, are assumed for 
all species, where 
r a(G4j+jl GjG -P 




The 6;: were determined in terms of the $” by 
(7), and the @“-can be similarly determined 




When the radial profiles have the form 
x(r) =Xo[ 1 - (r/u ) 2]ax, Eq. (22) becomes 
(22) 
G(r) = 2W~)2(a,+a,+aT) 
[1-(r/aj2] ' 
(24) 
IV. ANALYSIS OF AN ION-IMPURITY PLASMA 
In order to study the implications of the equations 
given in the previous two sections for poloidal velocity and 
poloidal asymmetries, we consider the relatively simple, 
but representative, case of a deuterium (i) plasma with a 
carbon impurity (I) concentration a = nIZ:/ni= 1.8, cor- 
responding to ZeE= 2.15. Such a model is representative of 
many tokamak experiments. In this model 
ii z,-- z,, ii1 zea- 1 
-=- ne z,-1 ’ G=zI(z,- 1) ’ 
M GLT- 1 MI 
a= ni = z,-z,, 
and 
vi$=-, * q5) ~!is, a& 
-* 7c- d 
mid-m1 
Vii = aVii 2mI ' 
(25) 
(26) 
We choose parameters representative of (r/a) = 0.5: 
q=2.0, p=O.l, Tio,/T,= l-3. We set Me=O, correspond- 
ing to the absence of poloidal momentum input in most 
tokamak experiments. We will consider values of the radial 
deuterium velocity &, and of the toroidal rotation velocity 
v; in the range O-l, corresponding to experimental obser- 
vation. We will consider a range of collisionality 0.1 
< v); < 500, corresponding to the range of this parameter in 
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present and past tokamak experiments. The parameter - 
eQ,/T, is set equal to unity, as suggested by measurements 
in the Impurity Studies Experiment31 (ISX-B) with a 
strongly rotating plasma. 
A. Coilisionaiity dependence 
The collisionality determines the relative importance 
of the friction term and the relative importance of the ion 
and impurity viscosity terms. The magnitude of the friction 
term increases linearly with interspecies collisionality v$. 
The magnitude of the viscous force varies with v$ as 
fj(V$)= ’ 
--3’2$ 
(l+e-%$(l+v$) ’ (27) 
This function increases with vz up to V; - 0( 1 ), then de- 
creases with v$ for v$ > 1. We will characterize our calcu- 
lations with the impurity self-collisionality parameter vFP 
The corresponding vz N v~/Z;‘~ N 0.07 v$. 
The poloidal velocities, density asymmetries, and po- 
loidal asymmetry factors are plztted veryus VT, in Fig. 1 for 
(q=2.5, p=O.l, e@/T,=l.O, v4=0.5, v,=O.O, r/u=O.5) 
and a, = a r= a”= 1 .O. The viscous damping of the carbon 
poloidal rotation decreases for v?, 2 1 .O, resulting in an in- 
crease of 1 &I with v $. The viscous damping of the deu- 
terium ions increases with vF1 = 15 v$ up to about vF1 
= 10.0, then decreases with v$, resulting in the dependence 
of 1 C;eil on v$ shown in Fig. 1 (a). Because the viscous 
damping of the deuterium is greater than that of the car- 
bon, over the range of v& considered, I &I I > I &I except 
for vF1 = 0.1 where the viscous damping is comparable for 
both Species. In general, 0.15 (Be/B)Vth j < Vej < (Be,B)l+h) 
with the larger values corresponding to large collisionality. 
The poloidal rotation is in the negative Be direction for 
both species. 
The in-out poloidal density asymmetry (T) is insen- 
sitive to collisionality, for vr*r < 100; for vI*I 2 100, frictional 
forces act to reduce the difference between q and s via the 
poloidal variation in the electrostatic potential. The up- 
down density asymmetries are sensitive to the value of 
6 
The individual_poloidal asymmetry factors for deute- 
rium and carbon, 0, and the effective composite asymme- 
try factor 
($),,=($+;B,)G 
2? (0*75i+O*O55{) ( 
2W~)2(a,+a7-+a,) 
2 [l-(r/a) 1 ) 
(28) 
are plotted in Fig. 1 (c). The major contribution to the 
effective composite asymmetry factor, hence to the gyro- 
viscous torque, is made by the deuterium, not the carbon as 
previously conjectured.29 
Equation (2 1) has successfully predicted the momen- 
tum confinement properties of the Joint European T0i-u~~~ 
(JET) a_nd of the Tokamak Fusion Test Reactor6 (TFTR) 
when (8G/z),,-0.1 was used, and has predicted the mo- 
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B. Toroidai rotation dependence 
The results in Fig. 1 were all calculated for ;,,=0.5 
uth I [and Eli = & = 0.5 d/v,h A. The magnitude Of 
U~j determines the magnitude of the inertial term, the ef- 
fects of which propagate through the calculation. In order 
to illustrate the sensitivity of the results to the toroidal 
rotation, we have repeated the calculation shown in Fig. 1 
for a fixed vt = 0.5 and varied fi+1 over the range 0.1 
0th I ( &1 ( 0.7 uth p (We had problems with the convergence 
of our numerical procedure for C+1 2 0.7 0th p ) The results 
are plotted in Fig. 2. 
The quadratic dependence of the inertial driving term 
in Eq. ( 15) on UQi resulted in the strongly increasing de- 
pendence of I Eej I on ~~j shown in Fig. 2 (a); and the similar 
dependence in Eq. (16) accounts for the strong depen- 
dence of $ shown in Fig. 2 (b). The dependence of $ on r+j 
is indirect through the viscous term in Eq. (17), with 
Vei= Fej( ~~j), and less dramatic. 
The poloidal_asymmetry factors increase strongly with 
v$, except that 0, saturates because of compensating ef- 
fects. Again, the effective composite parameter ( 8G/z),,r is 
determined primarily by the deuteri_um ions. An implica- 
tion of this strong dependence of (8G/z), on ii#1 is that 
toroidal rotation velocities should saturate with increasing 
NBI. 
These calculations were repeated for v$ = 100. The re- 
sults for iie. and ?I were similar to those shown in Fig. 2. 
However, fil became positive for &>0.35, with the con- 
sequence that g1 exhibited a variation more like that of ei. 
The magnitude of (8G/z),s was about two times that 
shown in Fig. 2(c), and the qualitative dependence was 
similar. 
The calculations shown in Fig. 2 were also repeated for 
U~j< 0 (i.e., for counter injection). The results were the 
“mirror image” of those shown in Fig. 2, to within 10% in 
magnitude. The uei were now positive, the signs of the 3 
were unchanged and those of the $ were reversed, and the 
signs of the I!$ and (8G/z),, were reversed. [Note that a 
negative fi# and a negative (gG/z),e still produce a positive 
torque and an outward angular momentum flux.] 
0.0 1 




0.1 1.0 10.0 100.0 ii; 1000.0 
(Cl 
FIG. 1. Dependence on collisionality Y+,~vlrv,,, ,/qR (q=2.0, fl=O.l, 
a= 1.8, $I=~4r/uth +.5, Ti,,/T,=2.0, r/a=0.5): (a) normalized poloi- 
dal rotation vej= (u,/uthj) (B/B,); (b) normalized density asymmetry 
& (n-Z)/E; (c) poloidal asymmetry factors of the gyroviscous theory. 
mentum confinement properties of ISX-B and of the 
Princeton Large T0i-u~~~ (PLT) when ( 8G/z),ff- 0.4 was 
used. The collisionality of carbon in the TFTR and JET 
experiments was vF1 c 0.1, while in PLT and ISX-B, 1.0 
5 vF1 5 10.0 (assuming that the dominant contribution to 
Z,, was from carbon_or oxygen). The results shown in Fig. 
1 (c) suggest that (8G/z), would be larger in ISX-B and 
PLT than-in JET and TFTR, and, in fact, support the 
choices ( BG/z)~~-O.~ and 0.1, respectively. This point 
will be investigated in more detail and reported in the fu- 
ture. 
C. Radial particle flux dependence 
The calculations of Figs. 1 and 2 were made with 
v&O, corresponding to the radial particle fluxes predicted 
by neoclassical theory. However, large anomalous radial 
electron fluxes are characteristic of tokamaks,32V33 with v,~ 
in the range l-10 m/set not being uncommon. Since there 
is no internal source of impurities and Z,, is frequently 
almost constant, we will use C,i.-C;, and c&O in our cal- 
culations. With reference to Eq. ( 18), for p=O. 1, 
&- 10m3, and vth ,-5X lo5 m/set, F,.i= 10 m/set corre- 
sponds to c,-0.2. It is possible that the anomalous forces 
that produce the measured anomalous v, should be in- 
cluded in Eqs. (15)-( 17); this can be represented6 as an 
effective reduction of &. Thus, we repeat the previous cal- 
culations for ;~=0.5 UthI, VFI = 0.5, &=O and 0~G;iCl.O. 
The results are shown in Fig. 3. 
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0.8 
(a) 
FIG. 2. Dependence on toroidal rotation ~4,~u~I/v,h, (q=2.0, p=O.l, 
a= 1.8, $, = 0.5, T,,,/T,=2.0, r/u=O.5): (a) normalized poloidal ro- 
tation Cojz (u,+/u,~ j) (B/&J; (b) normalized density asymmetry EE (n 
-6)/e; (c) poloidal asymmetry factors of the gyroviscous theory. 
A positive (radially outward) cti contributes a positive 
contribution to an otherwise negative (Be direction) 
u&see Eq. ( 15). For sufficiently large &, this contribu- 
tion causes Coi to change sign. Here, $01 depends on C;i 
through its coupling to 6&. 
The in-out density asymmetries, q, are independent of 
~2, but the up-down density asymmetries, $, change sign 
and then @crease rapidly in magnitude when $2 0.1. 
Both Bend e1 decrease with increasing C;i approaching 
0.1. Then, ei increases again for Eli 2 0.4, while Br becomes 
negative (indicating inward momentum transport by the 
impurities). The effective composite asymmetry factor 
(BG/z),tr, decreases with Eli up to 6&0.3-0.4, then in- 
creases rapidly. The implication is that increasing radial 
particle fluxes act to diminish the outward momentum 
transport up to ;;,-0.3-0.4, then act to substantially en- 
hance it for Eli 2 0.4. 
V. SUMMARY 
A neoclassical model has been developed for the cal- 
culation of poloidal rotation and poloidal density asymme- 
tries in a tokamak plasma with strong unbalanced NBI 
leading to toroidal rotation v+ - t.+h. 
Poloidal rotation and poloidal density asymmetries 
have been calculated for main (deuterium) and impurity 
(carbon) ions in a two-species specialization of the model. 
The predicted poloidal rotation is negative (B, direction), 
different for carbon and deuterium, and in the range 
O-1 5 (IU~jI/tJthj)/(B/Be) 6 0.4 for parameters character- 
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\ ri 
FIG. 3. Dependence on  radial deuterium flux ~ti~u,+/(/3vu, &) (q=2.0, 
~=O.l,a=l.8,~+~&1~~~= O.S,vf, = 0.5, T,~,/T,=2.O,r/u=O.5): (a) 
normalized poloidal rotation $ej= ( ugi/uth,) (B/Bs); (b) normalized den-  
sity asymmetry if= (n-$/c (c) poloidal asymmetry factors of the gy- 
roviscous theory. 
izing present tokamaks. The poloidal rotation generally 
increases with increasing toroidal rotation, decreases with 
increasing radial deuterium flux, and varies nonmonoton- 
ically with collisionality. In-out poloidal density asymme- 
tries vary from - 0. le to - 1 .OE for carbon (and about half 
of this magnitude for deuterium) as the carbon toroidal 
rotation speed increases from -0.2 uth I to -0.7 &h 1, in- 
dependent of collisionality or radial deuterium flux. Up- 
down poloidal density asymmetries vary from -0.0 to 
-0.46 for carbon (and half this for deuterium) over the 
same range of carbon rotation speeds, for vrl = 0.5, and are 
quite sensitive to collisionality and radial deuterium flux. 
The effective composite poloidal asymmetry factor of 
the gyroviscous theory for momentum transport was eval- 
uated using the results of these poloidal rotation and po- 
loidal density asymmetry calculations. This factor in- 
creases with increasing toroidal rotation and has a complex 
dependence on both collisionality and the radial deuterium 
flux. The calculations broadly support the values of the 
composite effective poloidal asymmetry factor that have 
been assumed in the successful comparisons of the gyro- 
viscous theory with experimental momentum confinement 
properties in ISX-B, PLT, Doublet III (D-III), TFTR, 
and JET. 
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